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Abstract 

We investigate the structure of solutions of boundary value problems 
for a one-dimensional nonlinear system of pseudodifferential equations 
describing the dynamics (rolling) of p-adic open, closed, and open-closed 
strings for a scalar tachyon field using the method of successive approxi- 
mations. For an open-closed string, we prove that the method converges 
for odd values of p of the form p = An -\- 1 under the condition that the 
solution for the closed string is known. For p = 2, we discuss the ques- 
tions of the existence and the nonexistence of solutions of boundary value 
problems and indicate the possibility of discontinuous solutions appearing. 

Keywords: string, tachyon. 

To Anatolii Alekseevich Logunov on his 80th birthday 

1 Introduction 

For describing the tachyon dynamics of open and closed p-adic strings, the 
Lagrangian 



2(p2 - 1) ^ p4 „ 1 



„2 „2 



2{p — 1) — 1 



(1.1) 



9 

was suggested pi, where 'ii{t, x) and ^{t, x), x — {xi,X2, ■ ■ ■ , Xd-i), are tachyon 
fields for open and closed strings, h and g are interaction constants between open 
and closed string sectors, □ — —df + is the d-dimensional d'Alembertian, 
and p is a prime, p = 2, 3, 5, . . . . (In what follows, p is assumed to be an integer 
greater than one). The corresponding equations of motion following from (|l.ip 
for = h'^/g'^ ^ have the form [5] 

- + a2^*p(p-i)/2-1($p+i - 1) = 0, (1.2a) 

2p 

$P^P(p-l)/2 _ ^ Q 2b) 
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Passing to the limit as ^ in system of equations (|1.2|) . we obtain the 
simpliGed system of equations for an open-closed string [5] 

*f'=p-°/^*, (1.3a) 

System of equations (|1.3p includes Eq. (|1.3ap describing the dynamics for the 
field 5* of a closed string and Eq. Ijl.3bp describing the dynamics for the field 
$ of an open string for a known field 5*. For 5* = 1, system (|1.3[) becomes the 
equation for an open string, 

$f=p-°/2^. (1.4) 
System (I1.3P has the vacuum solutions 

(* = 0, $ = 0) Vp, (* = 1, $ 1), P is even, 

(1.5) 

(* = 1, $ ±1), j3==4n + 3, (* = ±1, $ = ±1), p = 4n+l. 

For d — 1, system ()1.3p . Eqs. ()1.3a|) . and (|1.4p respectively describe the motion 
(rolling) of tachyons in time for open-closed, closed, and open strings. In this 
case, system (|1.3p becomes 

We change the arguments of the fields. 



V'(t) -*(tV21ogp), </.(t) = $(iV21ogp). (1.7) 

In the class of measurable functions (?/>, 1^9) satisfying growth condition (|5.2p (see 
below) for 7 = 1 or 7 = 2, system ()1.6p becomes the classical system of nonlinear 
integral equations 

^p\t)^J-[ e-'(*-")V(T)dr, ieM, (1.8a) 



(1.8b) 



1 /"CW 



Equation (|1.4p (Eq. (|1.8b[) for ?/) = 1) for an open string also assumes a similar 
form, 

ipP{t)::^^ e~'^*~^^'ip{T)dT, teR. (1.9) 
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In accordance with vacuum solutions (jl.Sp . we set the boundary conditions 
Hm V(0 = lim ilj{t) = 1 (1.10) 

for Eq. (fL5a|) and 

{ — 1 for odd p, 
(1.11) 
for even p 

for Eqs. (fObl) and (fL9)) . 

System (|1.3p is nonhnear and involves pseudodifferential terms with the sym- 
bols and p^^^/^, = — x^ — • • ■ — x'^_^. It is therefore natural to con- 
sider them in some algebras of generalized functions in S)'(M'') whose Fourier 
transforms are analytic functionals in the space Z' [3] , [1] . Only real solutions of 
system (|1.3p are physically interesting, and we consider precisely these solutions 
in what follows. 

If (^(i, a;), $(t, x)) is a solution of system (|1.3p . then all its shifts and all its 
reflections are also solutions of it. If p is an odd number of the form p = 4n+l, 
then {—'^{t, x), —^{t, x)) is also a solution of the system. Therefore, the solution 
of system (|1.3|) is not unique (if it exists). 

Many investigations of physicists and mathematicians widely applying com- 
puter techniques are devoted to this new class of equations with an infinite 
number of derivatives (see [1], [2], and the references therein). The in- 

teraction is nonlocal in string field theory [5], essentially distinguishing it from 
the classical local field theory. These equations are extremely interesting not 
only for p-adic mathematical physics but also for cosmology [7], [9], [13]. In 
essence, these problems relate to the classical mathematical analysis because 
only an integer p remains here as one of the p-adic numbers, which, moreover, 
need not be prime. 

In this paper, we study the structure of solutions for open, closed, and 
open-closed strings in the framework of the suggested model. In Sec. [21 we 
list some well-known mathematical results for the open string (boundary value 
problem (|1.9p . (ILlip ). In Sec. [31 we transfer many results for an open string to 
the closed string (boundary value problem (|1.8ap . (jl.lOp ) practically unchanged. 
For odd p, we use the method of successive approximations for even solutions 
with two zeros. For even p, we prove (Theorem [1] also see [8]) that there are 
no continuous even nontrivial solutions nondecreasing for t > 0. Therefore, 
continuous solutions in this case must either have at least four zeros or be dis- 
continuous with jumps of the first kind. In Sec. [H we prove that the method of 
successive approximations converges for an open-closed string (boundary value 
problem ([LB]) . (fTTOl) . ([01]) ) with p of the form p = in + 1 (Theorem [S]) in 
the case of boundary value problem (ll.Sbp . p. lip for an odd solution having 
one zero under the condition that an even solution of boundary value prob- 
lem (|1.8ap . (|1.10p is known. We describe the solution structure. In Sec. [5l we 
give some necessary properties of the integral operator = e^/'^'*'*''^* . 
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2 Open string 

The dynamics of an open string are determined by integral equation (|1.9[) and 
boundary conditions (jl.lip . The following propositions hold for solutions if of 
Eq. 

Proposition 1. If the solution ip{t) is bounded, then the function (p{t) = 
0, ±1 for odd p and the function ip{t) = 0, 1 for even p are solutions. If the solu- 
tion ip{t) does not reduce to a constant, then it is piecewise analytic {continuous 
for odd p) with the estimate 

\ip{t)\<i, teR. (2.1) 

Proposition 2. If (p{t) a as < — > oo, \a\ < oo, then a = or a = ±1 for 

odd p, and a — or a — 1 for even p. In this case, {iff)'{t) —> as t — > oo, and 
if a ^ 0, then f'{t) as t ^ oo. 

Proposition 3. Integral equation p.9p is equivalent to the boundary value 
problem 

= ^utt, < x < 1, teR, (2.2) 

u{0,t) = ip{t), u{l,t) = LpP{t), t£R, (2.3) 
for the heat conduction equation [TT]. 



We point out that the variables x and t in Eq. (|2.2p have been interchanged 
compared with the classical heat conduction equation. 

By a solution of boundary value problem (j2.2p , ()2.3|) , we mean any measur- 
able function u{x, t) satisfying growth condition (|5.2p with respect to t for 7 = 1. 
The function u{x,t) is called an interpolating function between the solution 
and its pth power ip^ . We note that the interpolating function is given by the 
Poisson formula for Eq. (|2.2p . 



u{x,t)^-= (^(T)e-(*-^)'/^dT, 0<a;<l. (2.4) 



/TTX 

The following proposition holds for the zeros of the interpolating function u{x, t). 

Proposition 4 (Theorem on the branching of zeros for the function u{\,t) = 
(pP{t)) [TT], [13]. Let the function u{x, t) have a zero of even multiplicity 2n at 
the point t = 0. Then the equation 

u(l-£,i) = ase^+0 (2.5) 

Jias exactly 2n distinct simple real zeros, 

tf{e)^±XkV^+0{e), k = l,2,...,n, (2.6) 

where Xk, k = 1,2, ... ,n are positive roots of the Hermite polynomial, H2n{X) = 
0. 
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For example, if n = 2, then we have A'' — 12A^ + 12 = 0, and hence 



Ai ye - 2\/6« 1.049, As = V6 + 2V6« 3.301. 

Proposition 5. If e tien the solution (p expands in a series in the 
Hermite polynomials [11 , 

'fiit) = a„ = (v'^-H'rOi, (2.7) 

n=0 

and tie function (p^{t) expands in a Taylor series, 

°^ 4-n 

<pP(t) = ^a„-, (2.8) 

1/2 

which converges uniformly on every compact set in R. And if (p e £3 j then 
the relations 

(V5P,i/„)i = (¥>,K)i/2, n==0,l,..., (2.9) 
hold, where Vn are modified Hermite polynomials, 

K(t) = 2-"/2^,Y^Y n = 0,l,.... (2.10) 



V2 



The space £3 defined in Sec [51 



Proposition 6. Let (p{t) be a solution of Eq. (|1.9p . and let t — be a zero 
of multiplicity a > I for the function (p^{t). Then the relations 

2^ r°° 2 fO for n = 0,1, ... ,cr- 1, 

-= / p{r)r-e-^ = W n r ^^.11) 

I a 7^0 tor n — a 

hold [1]. The function (p{t) has at least a sign changes [TT]. 

Proposition 7a. For odd p and a, the solution (p{t) changes sign at zero, 
and the asymptotic relation 

(^(t) = J^^^ ^V/P[l + 0(t)] ast^O (2.12) 

holds. 

Proposition 7b. For even p, the multiplicity a is even, and we have a > 0. 
If ip{t) changes sign at zero, then 



(^^^ ^^sgnt|t|'^/P[l + 0(t)] ast^O. (2.13) 



i/p 
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Proposition 7c. If (p{t) does not change sign at zero, then a > 0, the 
multipUcity a is even, and 



a ^ ' 



V{t)=[^] \t\^^P[l + 0{t)] ast^O. (2.14) 



The following propositions hold for solutions of boundary value problem (|1.9p , 

(iniD. 

Proposition 8. For odd p, there is a solution ip{t) that is continuous, real- 
analytic for t^O, odd, and increasing. It has one simple zero at t = 0, and 
relations (|2Tl|l and (|2T2l) hold for a = 1 [4], [10], [12]. 

Proposition 9. For even p, there are no continuous solutions that are either 
nonnegative or have only one change of sign. If there is a continuous solution 
with two zeros, then it has exactly two sign changes |llj. Here, discontinuous 
solutions with discontinuities of the hrst kind are possible. 

Proposition 10. Letu{x,t) be an interpolating function between a solution 
if and its pth power cpP. Then the conservation law 



<\l-, x>0, aeR, (2.16) 



[ip{t)-u{x,t)]dt = 0= [ip{t) ~ ipP{t)]dt, x>0, (2.15) 

3 J —oo 

and the inequality 

I [u{x, t) - ip{t)] dt 

J —OO 

hold. 

Proposition 11. For odd p, the inclusions 

l-(pP-\l-\u{x, ■)\e£i{R), x>0, (2.17) 

hold, the function (pP {t) has finitely many zeros, and all its zeros have a finite 
multiplicity. The number of sign changes of ip{t) is not greater than the number 
of zeros for LpP{t) and not less than the maximum multiplicity of zeros for this 
function. If ipP{t) has only three zeros, then the solution if{t) has three changes 
of sign [11] . 

Proposition 12. For even p, the inclusions 

I- ipP-^,l-u{x, ■) e ili{0,oo), x>0, (2.18) 

hold, the integral 

ip{t)[l~ipP-^it)]dt (2.19) 
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converges, and if the function (p{t) has a constant sign for t < c, then the 
inclusions 

(/9,u(a;, •) e £i(-oo,0), a; > 0, (2.20) 

hold. 

The set of zeros of the function (pP{t) is finite or countable and bounded 
above. We let to^ti, . . . ,tk — oo denote these zeros and ao,ai, . . . denote 
their multiphcities [TT]. By the Hadamard theorem (Lemma [2] in SecO, the 
inequahty 

oo 

CTfclifcp^^^ < oo for an arbitrary e > 

fe=0 

holds. 

Here, the following questions arise. 

1. Does a continuous or discontinuous solution of boundary value prob- 
lem (|1.9I) , (|l.lip exist for even pi 

2. Does a change of sign of the solution (p{t) at a zero of the function (fi'''{t) 
always occur? 

3. Are the multiplicities of zeros of the function (pP{t) only odd for odd p 
and only even of the form 2(2n + 1) for even p? 

3 Closed string 

The dynamics of a closed string are determined by integral equation (|1.8ap and 
boundary conditions l|1.10p . Equation (|1.8ap reduces to Eq. (|1.9p by replacing p 
with p'^ and the operator Ki with K2 (see Sec. [5]). Therefore, Propositions [THSl 
in Sec. [5] relating to bounded solutions of Eq. (|1.9p also hold for Eq. (|1.8ap . 
Propositions [51-[TT] in Sec. [5] hold for boundary value problem (|1.8ap . (|1.10p . and 
Propositions [8l and [T2l are replaced with the following propositions. 

Proposition 8'. There are no nonnegative continuous solutions except 
ip{t) = 1. For even p, discontinuous solutions with discontinuities of the first 
kind are possible [3] . 

Proposition 12'. The function ipP has finitely many zeros for both odd 
and even p, and the inclusions 

l-il;P''\l-u{x, ■) £ £i{R), x>0, (3.1) 

therefore hold. 

To construct an approximate solution of boundary value problem ()1.8ap . 
(jl.lOp . we use the method of successive approximations elaborated in 4J and [TU] 
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for an open string in the case of odd p. We seek an even solution tplt) with two 
zeros ±io- Let the successive approximations be given by the recursive formula 



ijn+iit) = [{K2iJnmV^''\ n = 0,l, 



(3.2) 



Here, the operator K2 is determined by formula (|5.ip (see below) for 7 = 2. For 
an even function -0, it becomes 



1 

JO 

We calculate the second approximation. We have 

/"OO 



^(T)[e-2(*-)%e-2(t+r)=]^^_ 



a + 2 



'2Qt^/(Q + 2) 



whence we derive the formula 



by 



Finally, 



1-/3 



1-/3 



a + 2 



1 1 V ^ 1/P 

,-2QrV(a+2) rg-2(t-T)^ _^ g-2(t+r)^i 



(3.3) 

The function 1/^2 (i) constructed using formula (|3.3p . as well as the function "01 (i)) 

is a good approximation to the solution of boundary value problem (|1.8a[) , (|1.10[) . 

2 

To find the zeros ±io of ip2 (t) 1 we must solve the equation 







1-/3 



^-2arV(a+2) 



,-2(t-r)- 



a + 2 

Examples. Let p = 3 and a = 0, 1. Then 



+ e-2(t+-)'] dr = 0. (3.4) 



1. ^o(O) = 


-0.500, t'^ 


2. ^o(O) - 


-0.800, 


3. V'o(O) = 
and 


-0.900, 


4. ^o(O) = 


-1,^0 = 2 



1, 4 = 2.63, Vi(0) = -0.995, and = 2.65 for /3 = 2. 

Figure[T](/3 = 1.5, « 2.00) and Fig.[l](/3 = 2, iJJ « 2.65) demonstrate the 
iterations ip^^i = {K24'nY^'^ ■ Here, t/jq is represented by the dashed line; 0i, 
by the thin continuous line; and 02, by the heavy line. 

As is shown by numerical calculations (see the examples and the figures), for 
every (3 in the interval 1.5 < /3 < 2, the zeroth approximation V^o = 1 ^ e^'^ -'^* 
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-1.0 



Figure 1: 

determines a /3-dependent solution to which the iterations rapidly converge (and 
the zeros tg, n = 0,1,2, are therefore indistinguishable in Figs. [T] and [2]). We 
hence have a one-parameter family of approximate solutions depending on the 
parameter /3 in the initial function tpo ■ But the convergence proof for successive 
approximations demonstrated in [4], [TOJ, and (12j for an open string does not 
apply in this case. Nevertheless, the following proposition holds. 

Proposition 13. Let p be odd. If there is a continuous even solution 'ip{t) 
with the two zeros t = ±to for the boundary value problem (|1.8a[) . (|1.10p . then 
these zeros are simple, and the relations 

^j{t)^[a{t±to)]P''[l + Oi\t±to\)], t^±to, (3.5) 

hold, where 

Proof. We show that the zeros ±fo are simple. Indeed, if the zero Iq is 
multiple, then the first derivative of ip'^ (t) must vanish at the point t^. But 
iplt) and consequently ip'^ (t) change sign at t^. Therefore, the second derivative 
of V'^ [t] also vanishes at this point. This means that the multiplicity of the 
zero to of this function is not less than three, and the number of its sign changes 
must therefore be not less than three (see Proposition [S]), which contradicts our 
assumption. 

The following negative result, first stated in J], holds for boundary value 
problem ()1.8ap , (jl.lO|) with even values of p. 
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Theorem 1. There are no continuous even solutions iJj nondecreasing for 
t > except 'tp =1. 

Proof. Let ■4>{t) ^ 1 be a continuous even solution of boundary value prob- 
lem (|L8a|) . pTTOl) . and let ip{t) be nondecreasing for t > 0. Then ip{0) < 
because the function ip{t) would otherwise be nonnegative for alH e R by our 
assumption, which would contradict Proposition [13 Therefore, there is a point 
t = to such that ^{t) < for all t, < t < to, and V'(io) = 0. On the other 
hand, the function 4'' {t), t > 0, is nonnegative and continuous everywhere except 
at to I where it has an integrable singularity (see Proposition 7), Furthermore, 
ip'ioo) = (see Proposition [21). According to Lemma[4](see Sec. [5]), the relation 

p^r"-\t)^'{t) = ^J^^ 7/;'(T)[e-2(*--)' - e-2(*+-)'] dr > 

holds, which leads to a contradiction for < t < to because — 1 is an odd 
number, and therefore ipP ^^{t) < for < t < to- 

The meaning of the above proposition is that nontrivial even solutions of 
boundary value problem (jl.Sap . (|1.10p must either have an even number of 
zeros not less than four (see Proposition [11]) or be discontinuous. 



4 Open-closed string 

The dynamics of an open-closed string are determined by system (jl.Sp and 
boundary conditions (|1.10|) and (jl.lip . Boundary value problem (|1.8ap . (|1.10p 
describes a closed string, and the solution of this problem was discussed in Sec.[3l 
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Let ipQ {t) be a known even solution of (|1.8ap , (|1.10p such that the multipHcities 

2 

tTfc, /c = 1, 2, . . . , m, of zeros of (t) satisfy the inequahty 

afe<— /c = l,2,...,m. (4.1) 
p-1 

Substituting this solution in Eq. (|1.8b[) . we obtain the equation 

^^m'o^^-'^^'it) = {K,^m, (4.2) 

where the operator Ki is given by formula (|5.ip for 7=1. To solve Eqs. (|4.2p . 
we introduce a new unknown function, 

X{t) = ^(i)v4""'^/'(i), ^(i) = xmo^'^'^^'it)- (4.3) 

Substituting (|4.3p in Eq. (|4.2p . we obtain the integral equation 

X''(0 = (K^vxm, (4.4) 

where we introduce the notation 

v{t)^ij-^^-'^/\t). (4.5) 

The function v has the following properties: |w(^)| > 1, t G M; it is even; it is 
(real-)analytic everywhere except at finitely many zeros of V'o(i)j where it has 
an integrable singularity by condition (|4.ip (see Propositions 7a and 7c with p 
replaced withp^) and satisfies boundary conditions (jl.lOp : and by (|3.ip (because 
— 1 > {p — l)/2), the inclusions 

w- 1, |u| - 1 e £i(K) (4.6) 

hold. We prove the estimate 

2 f°° 

{Ki\v\){t) < N, teR, N=l + ^ \\viT)\-l]dT. (4.7) 

Jo 

Indeed, by (|4.6p . we have 

{KMWX^ / [|«(r)|-l]e-(*-)^dr + l. 

Estimate (|4.7I) implies the inequality 

|x(t)| < Af^/(^"^\ teR. (4.8) 

Indeed, Eq. (|4.4p imphes 



Ix'it)] = \x{t)\P = \Kivxm\ < rrmx\xmK\v\m < Nma^\xit)\, 



11 



whence (|4.8p precisely follows. It follows from (|4.3p and (|4.8p that the solution 
satisfies the estimate 

1^(01 <iVi/(f-i)|^o~<^~')/'(i)|, ieM. (4.9) 

We now assume that p is an odd number of the form p = 4n + 1. In this 
case, we have v{t) > 1, t G by (|4.5p . As in the case of an open string [J], [TU], 
we seek an odd solution x{t) of boundary value problem (|4.4p . (|l.lip by the 
method of successive approximations, 

X„+i(t) - [(ifi«Xn)W]'^^ n = 0,l,..., xo(i)=sgnt, t e R. (4.10) 

The approximations Xn(0' n = 1^2, . . . , are odd, continuous, and positive func- 
tions. They increase for t > 0, vanish at the point t = 0, and tend to unity as 
t oo. Every entire function xj^(t), n = 1,2, . . . , has a simple zero at i = 0. 
The simplicity of the zero follows from (|4.10p in view of the relations 

d d 4: 1"°° 2 

^Xf.(0) - ^(i^i%-i)(0) = v{T)xn-iir)Te-^ dT>0. (4.11) 

We prove that there are positive numbers rj and 9 such that 

VXi{t)<X2{t)<0xi{t), t>0. (4.12) 

We introduce the function f{t) — xflOxT^C^)- It is continuous and positive for 
t > and tends to unity as t ^ oo. By (|4.1ip . its limit as t ^ exists and 
(according to L'Hospital's rule) is finite. Consequently, there are some numbers 
a and 6, < a < 5, such that 

a < fit) <b, t>0, 

whence inequality (|4.12p for rj — a^^P and a — b^^P precisely follows. 

Multiplying (|4.12p by v, applying the operator Ki, and recalling that the 
kernel of Ki is nonnegative, we obtain the inequalities 

Tj{Kivxim < {Kivx2m < e{Kivxi){t), 
whence we use (|4.10p to derive the inequality 

rixm < xlit) < exlit), 

consequently 

V^'^X2{i)<Xi{t)<0^'PX2{t), 
and so on. As a result, we obtain the inequalities 

??^""^'x«(i) < Xn+iW < ^"^"^'xnW, « = 2,3,..., i>0. 

Arguing as in [3], we now conclude that the sequence of iterations Xn{i), n = 
0,1,..., converges uniformly on M to the solution x(i) of boundary value prob- 
lem (|4.3p . (|l.lip for p of the form p = 4n+ 1. We have thus proved the following 
theorem. 
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Theorem 2. Let p = 1 (mod 4), let ipo be an even solution of bound- 
ary value problem (ll.Sap . ()1.10p . let the multiplicities of the zeros be at, k = 

2 

1,2, ... ,m, and let the functions -ip^ (t) satisfy condition (|4.ip . Then the solu- 
tion of boundary value problem (|1.8[) . (|1.10|) . (jl.lip for the open-closed string 
exists and is given by 

(V' = Vo, V' = X^o'^''"'^^') (4-13) 

with the estimate 

Mt)\<C^Jo^''~'^^\t), teR, l-|^|e£i(R), (4.14) 

where x is an odd solution of boundary value problem (|4.3p . (|l.lip with one 
zero and the constant C depends only on ipQ (see Fig. \3\i . 

Remark. In Theorem [51 each of the even sohitions of boundary value prob- 
lem (|1.8ap . p.lOp that were described in Sec. [3] can be taken as the solution 

In the case of a number p of the form p = 4n + 3, the proof that the presented 
method converges does not apply, but successive approximations (j4.9p seem to 
converge. 
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5 Properties of the integral operator Kr^ 

The integral operator is defined by the formula 

{K,m) = ^ fiT)e-'^('-^^' dr, 7>0, (5.1) 

on the class of locally integrable functions / satisfying the growth condition 

|/(t)| =0(e^*'), |t|^oo, 0<£<7. (5.2) 

Wc need the scale of weighted separable Hilbert spaces o: > 0, consisting 
of measurable functions square summable on M with respect to the measure 



dHa{t) 

with the inner product and norm 

/oo 
-00 

Lemma 1. The operator maps £2 ^^^o £f for 

< a < 27, /3 > ^""^ 



27 — a 
and is bounded, 



-1/4 



Lemma 2. The operator maps £2 , < a < 27, into an entire function 
{Kf){z), z = t + iy, with a growth order not higher than the second with 

estimate 

\{Kf){z)\ < 11/11,^(27 -a)-V4exp(^t/2-7i' + ^:^t'). (5.4) 

Lemma 3. The operator maps a bounded function f{t), \f{t)\ < C, 
into a bounded function {K^f){t), \{Kjf){t)\ < C, and if f{t) — > a as t — > 00, 
then {Kjf){t) — > a as t — > 00. 

Lemma 4. If /, /' e ?B-y and if f{t) is an odd or even continuous function 

for t > continuously diffcrcntiablc everywhere except at finitely many isolated 
points in whose neighborhood f'{t) is integrable, then the real-analytic function 
{K-yf){t) is respectively odd or even and increases for t>0. 



14 



Proof of the lemmas. For 7 = 1, Lemmas [T] and [D were proved in [TT] 
and Lemma [3] in |4j. They are proved similarly for 7^1. We prove that 
{Kjf){t) is an increasing function for t > 0. By assumption, f{t) contains 
no singular part, the derivative f'{t) therefore satisfies the condition f'{t) > 
almost everywhere, and the formula for integrating by parts holds for a product 
with smooth functions. Using the rule for differentiating a convolution [3], we 
obtain the inequality 

(K^fYit) - /'(r)[e-^(*-^)' + e-^(*+^)'] dr > 

for odd functions f{t),t>0. A similar argument can also be used for even 
functions /. 
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